A simple method of compqting longwave radiative cooling in the troposphere associated with water vapor is described. The procedure may readily be incorporated into a tropospheric numerical prediction model. Radiation from ozone and carbon dioxide is not considered. However, influences of arbitrary vertical distributions of cloud and moisture are included.
INTRODUCTION
Th.e heat budget of the atmosphere may be partitioned as follows: 1) sensible heat transfer from the earth's surface by conduction and convection, 2 ) absorption of shortwave radiation, 3) release of latent heat, and 4) absorption and emission of longwave radiation. Of these, longwave radiation is the most important term in the mean tropospheric heat budget (see, e.g., Davis, 1963 , or London, 1957 . Release of latent heat is, on the average, the second most important term.
However, it is often locally predominant in areas of precipitation and its inclusion in a prediction model appears desirable in forecasting cyclogenesis (Danard, 1964 (Danard, , 1966a . Using a numerical model incorporating release of latent heat but not longwave radiation, the author (Danard, 1966a (Danard, , 1966b ) noted a tendency for predicted heights to be too high in the upper troposphere. This may have been due to neglect of longwave cooling from cloud tops. Inclusion of longwave radiation should extend the viability of such models.
Flux divergence associated with carbon dioxide is usually small in the troposphere (see, e.g., Manabe and dian Meteorological Society held in Calgary, Alberta, Junc 3-5, 1968.
Ontario.
1 A summary of much of this paper was presented at the dlmual Congress of t l~c Cana-2 Prescnt affiliation, Department of Mechanical Engineering, University of Waterloo. Moller, 1961, or Manabe and Strickler, 1964) . Mean hemispheric cooling rates below 12 km for a cloudless atmosphere may be estimated from figure 22 of Manabe and Moller (1961) . These amount to about 1.2"C day-l for longwave radiat'ion from water vapor compared to only 0.2OC day-l for carbon dioxide. Therefore, only water vapor will be considered.
Sections 2 and 3 of this paper describe a simple method of including longmave radiation from water vapor in a tropospheric numerical model that predicts the field of moisture. Effects of arbitrary vertical distributions of cloud and moisture are included.
I n section 4, computations using the above method for a mean Equator to Pole cross section with clear skies are presented. Results agree reasonably well with those of Manabe and Moller (1961) .
Section 5 compares the three-dimensional distributions of longwave radiative cooling and release of latent heat in a synoptic case study. Released latent heat is an order of magnitude larger than longwave c,ooling in the region of the cyclone. Longwave radiative cooling is appreciable at cloud top. .
Calculations of Katayama (1967) show that 1ongn:ave radiation, absorption of solar radiation, and release of latent heat are about equally important in the annual mean generation of available putential energy over the Northern Hemisphere. Section 6 is concerned with the first of these processes. Computations are performed for the same synoptic case as in section 5. Cloud top cooling reduces temperature contrasts if the cloud mass is in the warm air.
The existence of a nocturnal maximum in frequency of precipitation over the sea has been demonstrated by Kraus (1963) . Me studied the records of weather ships in the eastern Pacific and north Atlantic Oceans. With 8-10 yr of data for July, he found that precipitation was reported in 19% of all nocturnal reports compared to 12y0 of the daytime reports. Kraus proposed that during the day absorption of shortwave radiation reduces the production of liquid mater in clouds, thereby lowering the probability of precipitation. At night, this effect is absent.
The nocturnal maximum in precipitation occurrence over the central United States in summer was studied by Bleeker and Andre (1951) . Their explanation was that low level differential cooling at night due t o variations in topography would result in upward motion between the Appalachians and the Rockies.
I n section 7 it is suggested that an important factor in nocturnal precipitation is the destabilizing influence of longwave cooling from cloud top. The amount of precipitation associated with convective overturning is computed. The destabilization would likely also augment the largescale vertical velocity. This would further increase the precipitation as well as accelerate cyclone development.
COMPUTATUON OF LONGWAVE RADBATBQN FROM WAUEW VAPOR
Computations will be performed for the atmosphere below some level p , (near the tropopause). This is the highest level for which meteorological variables are assumed known.
ResuIts of Kuhn ( 1 9 6 3~) suggest the following expression for the corrected precipitable wbkr or path length between p=O and p = p :
Herep, and To denote standard pressure and temperature, p is the specific humidity, and w may be regarded as a vertical coordinate increasing downward.
I n computing w,, the value of w at p=p,, use is made of Manabe and Moller's (1961) observation that the frost point in the lower stratosphere is about 190°K irrespective of season and latitude. This value is attained at a height of about 15 km or 120 mb. The frost point is more or less constant above this level. Assume that the layer above p , is isothermal with temperature Tu. Setting T,=220°K, (1) then gives a value for w from p=O to p=120 mb of 4.6X lo-' gm cm -z. Assume that p i.aries linearly with pressure from p=120 mb to p=p,. With the aid of ( l ) , this permits us to compute the contribution to w from the layer between these levels. the path length from p=O to p = p , is (in cgs units)
where p, is the value of p a t p=p,. Note that w , normally decreases from Equator to Pole. The net flux (positive downward) a t a level p* between cloud layers (see fig. 1 A similar equation is given by Kuhn (1963~) . If the level p* is in cloud, F* is assumed zero. If no cloud exists above p * , wa=O and Faa=O. Equation (3) is derived in a manner similar to that described by, e.g., Haltiner and Martin (1957, pp. 85-86) . An outline of the derivation is given in the remainder of this paragraph. The flux in the spectral interval X to X+dh at w* from the black-body surface a t wa is dF:,=2Ea,dXH3(kk{ w*-w, 1) 
sw:
Adding (4) and (5), making use of (6), and integrating over all wavelengths yields ..
Fbw s-0 (8) Equation (8) is derived by, e.g., Brooks (1950) . It may also be obtained from (5). For a fixed value of (w*-w), E and therefore e' as well will be assumed independent of temperature. This is because the temperature dependence has already been included in (1), which is used to compute w and w*. Hence (8) will be assumed to apply also when the temperature varies between w and w*. Thus the last term on the right side of (7) is Fbwe'(w*-W)dW.
Making the approximation ~a~dX/Fba=Ew,dX/Fbw (i.e., for fixed X and dX, ExdX/Fb is assumed to vary little over the range of tropospheric temperatures), the second term on the right side of (7) becomes -F,~w~e'(w*-w)dw.
Hence (7) gives the first and third terms on the right side of (3). Similar calculations show that the contributions from the black-body surface at we, and the layer between w* and wc are represented by the second and final terms on the right of (3).
The assumption that a cloud surface behaves as a black body is probably justified for water droplet clouds at low elevations. For example, Kuhn (1963~) measured the emissivity of an overcast stratocumulus cloud deck with base at 900 mb and top a t 855 mb. He obtained the value of 0.98. As Kuhn's results indicate, however, the assumption is less realistic for clouds at higher elevations. For a $io sky cover of cirrostratus with base at 235 mb and top a t 160 mb, the computed emissivity was 0.59.
The heating rate associated with radiation is given by Sm:
ADAPTATION TO A NUMERICAL MODEL '
For purposes of illustration, the model described in section 2 will be adapted to a primitive equations numerical model developed by Krishnamurti (manuscript in preparation). However, it could be modified to any model in which a moisture parameter is predicted. The level p , is taken as 200 mb and equation (2) is used to compute w,. Equation (3) I n (1 l), the summation extends over layers between w* and wc. Kuhn (1963a) employed a similar method of computation.
Cloud is assumed to exist a t a given level if where ps is the saturation specific humidity and r ( p ) is a critical value for existence of cloud. Table 1 gives values of r(p) adapted from Smagorinsky's (1960) relations between relative humidity and cloud amount. The values in the table correspond to KO cloud a t the given level.
Relation (12) is tested a t 300, 500, 700, and 900 mb, with the cloud (if it exists) corresponding to each level assumed to be 200 mb thick. The model atmosphere can thus have 16 configurations of cloud ranging from completely cloudfree to cloudy at all four levels ( fig. 3 ). Kuhn's (1963b) values of E are used.
I n the computer programming of equation (3), F* is first set equal to zero at the five levels indicated in figure 2. Then it is evaluated from 200 mb down to the top of the highest cloud (or the earth's surface). This means that at this stage flux computations are complete for configurations 1-5 of figure 3. Next, F* is computed from the base of the highest cloud down to the top of the next highest cloud (or the earth's surface). This completes calculations for configurations 6-15. Finally, F* is computed a t the 800-and 1000-mb levels of configuration 16 to finish the flux computations.
Equation (9) is evaluated a t 300, 500, 700, and 900 mb by expressing bF*lbp as a finhe difference over layers 200 mb thick (see fig. 2 ). Manabe and Moller (1961) compute the annual average cooling rates associated with radiation as a function of height and latitude for the Northern Hemisphere. They include longwave and shortwave absorption by ozone, carbon dioxide, and water vapor and neglect the effects of clouds.
APPLICATION TO A MEAN MERIDIONAL CROSS SECTION
Since only longwave absorption by water vapor is included in the method presented in this paper, it is of interest to compare the tropospheric cooling rates thus computed with those of Manabe and Moller. Using the mean values of temperature and pressure compiled by London (1957) at lower temperatures, a constant frost point lapse rate of 6.25"C km" was assumed. This was also done by Manabe and Moller. Equation (2) seen that considering just longwave radiation from water vapor tends to overestimate the total radiative cooling (longwave and shortwave) at low latitudes and low levels. The discrepancy is probably due to shortwave absorption by water vapor. Results of Davis (1963) indicate that in such regions this absorption can be half as large as the longwave cooling. Note that the above comparison is not simply a test of the method used t o compute longwave radiation from water vapor. It is primarily an assessment of the validity of omitting shortwave radiation as well as longwave radiation from carbon dioxide and ozone in the troposphere. Figure 4 may also be compared with the infrared cooling rates of London (1957). However, London accounted for average cloudiness whereas in the present study the atmosphere was assumed cloud free. Figure 22 of Manabe and Moller (1961) gives a mean cooling rate of 1.2OC day" for longwave radiation from water vapor. By comparison, the value obtained in this paper is 1.1"C day". Goody (1964, p. 272 ) states that cooling rates computed from different techniques may vary by as much as 50%. Therefore, the agreement with Manabe and
Moller's results must be considered as reasonably good.
COMPARISON WITH RELEASE

OF LATENT HEAT
The author has previously calculated the three-dimensional distribution of release of latent heat at 400, 600, and 800 mb in a developing cyclone over the United States (Danard, 1964) . To permit a comparison between these results and longwave radiative effects, the method described in section 3 was modified somewhat. The level,p, was taken as 300 mb, and Tu was assigned the value 230°K. An equation similar to (2) but applicable here is w , =~. o x 10-5 +28 g,.
(13)
The 900-mb surface was assumed to be a black body. Equation (3) was then evaluated at 300, 500, 700, and 900 mb, and cooling rates were computed at 400, 600, and 800 mb. Existence of cloud at these levels was deduced using values of r (~) (see (12)) obtained in the same manner as those in table 1. Surface observations were also utilized to verify the presence of clouds. I n other respects, the procedures of section 3 were followed. The reader is referred to the paper cited above (Danard, 1964) for synoptic charts and other details of the case studied.
Results are presented in figures 6-12. Figures 6-8 show the grid points at which cloud was deduced to exist. The remainder of the region (see figures 9-12) was essentially cloud free.
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FIGURE 11.-As in figure 10 but for 600 mb. Figures 10-12 are to be compared with figure 8 of Danard (1964) . The latter depicts the rate of release of latent heat at 400, 600, and 800 mb. This was largest in the Indiana-Pennsylvania area and amounted to about 3X103 ergs gm" sec-l at 400 and 800 mb and about 5X103 ergs gm-' sec-' at 600 mb. Thus, in the case studied, the longwave cooling at-cloud top was smaller by a factor of about five than the maximum rate of release of latent heat in the upper troposphere. It may be remarked that this case was one of heavy precipitation and in less intense cyclones the ratio mould be smaller. However, in the middle and lower troposphere, radiative loss was generally negligible in the region of precipitation compared to release of latent heat.
The longwave cooling at cloud top amounts to 5.4"@ day" in the upper 200 mb of the cloud mass ( fig. 10 ). This latter figure agrees qualitatively with the estimate of Moller (1951) . The cooling at cloud top greatly exceeds that in the cloud-free air. Thus an accurate computation of the latter may be relatively unessential in the study of cyclogenesis over short time intervals (say 48 hr or less). The longwave cooling mould tend to be offset by absorption of solar radiation at cloud top. However, many workers (e.g., Moller, 1951 , or London, 1957 regard this effect as small. Nevertheless, this may be important in explaining the diurnal variation of precipitation over the sea (see section 7).
The temperature difference between 800 and 400 mb at the location of the sea level Low (southern Illinois) is 31°C. By comparison, if the lapse rate were pseudoadiabatic, the value would be 34°C. Neglecting effects of vertical motion and differential advection and assuming that the pattern of computed radiative cooling moves with the cyclone, the 800-400 mb temperature difference at the surface Low would be 36°C after 24 hr. This represents a conditionally unstable state which would presumably be alleviated by convective overturning. This problem will be investigated in section 7.
EFFECTS OF LONGWAVE RADIATION ON THE AVAILABLE POTENTIAL ENERGY
Consider the thermodynamic energy equation where a=-ab In Blbp, W=dp/dt, and H is the rate of input of heat per unit mass. I n (14), let a=a+a', u = u + u t , etc., where the bar denotes the average over an isobaric surface of area S and the prime the departure therefrom. Equation (14) may then be transformed (Danard, 1966c , or Wiin-Nielsen, 1964 ) to --where will be referred to as the available potential energy of the region (cf. equation (10) If a quasi-geostrophic balance exists, W' will be related to H'. However, attention will be restricted here simply to the final term in (E), representing the generation and designated as G:
I n (17), H' will be identified with longwave radiative effects computed in section 5. The area S is bounded by the latitudes 28.7"N and 51.3"N and by the longitudes 70"W and 115"W (see figs. 9-12). Computations are performed for three layers: 900-700 mb, 700-500 mb, and 500-300 mb. Results are given in table 2.
In, the lower layers, G has small, positive values. This is due in large part to the absence of cooling in the lower portion of the main cloud mass (see figs. 11 and 12). I n the lowest layer, there is also the effect of cooling from the top of stratocumulus cloud in the cold air over Kansas and Oklahoma (see fig. 12 ). However, in the uppermost layer, G is negative and fairly large in magnitude. This is due to radiation from cloud top in the warm air. Thus longwave radiation tends to reduce the temperature contrast in the upper troposphere, a not unexpected result. Assuming G constant and neglecting the other terms on the right side of (15), the quotient A/lGl represents the time required to effect a change in A equal in magnitude to the initial value. Whereas this time is of the order of weeks or longer in the lower layers, it is of the order of days in the highest layer. This suggests that longwave radiation from cloud top may be important in the upper troposphere even for short time periods.
EFFECTS OF LONGWAVE RADIATION FROM CLOUD TOP ON PRECIPITATION RATES
The basic principles in computing the convective precipitation are similar to those employed by Manabe et al. (1965) . Consider an unstable atmosphere initially at rest.
If the motions arising from convective overturning are dissipated as heat, it may be shown that where 6 refers to a change over a finite time interval, dm is an element of mass, and 6Q is the heat added per unit mass from all sources other than friction. In (IS), the integration extends over the entire atmosphere. In a dry adiabatic transformation, the sum of the potential and internal energies (represented by the integral on the left side of (18)) is conserved.
Equation (18) is applied to a layer cloud extending from 1000 to 400 mb. The lapse rate is assumed initially pseudoadiabatic. To simulate conditions during the night, the cloud top radiates for 12 hr. As this proceeds, the cloud becomes unstable. The convective overturning then produces precipitation and returns the lapse rate to the pseudoadiabatic value. The liquid water contents of The interval between p4 and po is divided into six layers each 100 mb thick. The integrals are then expressed as sums of contributions from these layers. With a known initial state, equation ( 
RT? p-et
Equation (23) is applied a t the six levels. I n computing the radiation lost from cloud top, equations similar to (2) and (13) were derived. The level p , was taken as 400 mb (cloud top), and p, was set equal to the saturation value corresponding to the temperature there. The net upward flux a t cloud top is thus
where Fbu is the black body flux corresponding to cloud top temperature, and e, is the water vapor emissivity for the layer above the cloud. The heat lost by radiationis, per unit area,
where At= 12 hr. The method described above is applied to three cases where the initial state is saturated with a constant wet bulb potential temperature 0, of 0", lo", and 20°C. These would represent conditions over polar, midlatitude, and subtropical oceans, respectively. Results are shown in Note that a cooling of only 0.3"@ for 0,=20°C produces more precipitation than does a cooling of 1.2"C for 8,=O°C. Precipitation amounts given in table 3 are fairly modest. However, the large-scale vertical velocity has been assumed zero. I n a quasi-geostrophic numerical prediction model, the large-scale vertical motion varies inversely as the value assigned to the static stability. Thus the cloud destabilization may lead to an increase in the large-scale vertical velocity also. This would contribute further to the amount of precipitation.
CONCLUDING REMARKS
A possible modification to the treatment of clouds would be to allow for fractional amounts in each layer. However, this would complicate the calculations unless the number of layers in the vertical were kept small.
Shortwave absorption by water vapor is appreciable in the lower troposphere at low latitudes (see section 4). This is especially true in summer (see, e.g., Davis, 1963) . The average heating due to this source could be included, if desired.
The question of the influence of longwave radiation on the evolution of cyclones is probably best answered b y comparative numerical integrations. Although the thermodynamic effects of longwave radiation are usually smaller than those of release of latent heat in cyclones (see section 5 ) , the dynamic influences of the former may still be appreciable. Cooling and destabilization of the upper part of the cloud mass due to radiation are to be expected. If the cloud mass is mainly in the warm air, the cooling reduces the available potential energy of the region (see section 6). On the other hand, t'he destabilization leads to convective overturning as well as an increase in the large-scale vertical velocity (see section 7). Destabilization and subsequent increase in precipitation may be important in the dynamics of development.
